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In the conventional approach based on the BCS plus RP A method, the symmetry (the conservation of particle number) broken in the BCS approximation is restored in the RP A order and the system can be decomposed into the pairing rotation as the result of restoring the broken symmetry and the pairing vibration as the fluctuation of the pair field. As is well known, the investigation of various non-linear effects on the collective motion is unavoidable for deeper understanding of nuclear structure. Therefore, it is interesting to investigate how the pairing rotation and the vibration are separated from each other and coupled mutually, beyond the conventional RPA order. However, a generalization of the BCS plus RPA method is not straightforward. In this sense, it is indispensable to construct, with a special device, a new microscopic theory.
Recently the present authors proposed a new microscopic theory with the aim of giving a unified description of collective and independent-particle motions under a consistent manner. 1) A characteristic of this theory exists in a canonical form with constraints in Dirac's sense : 2) The extra variables are introduced for the collective motion and, in compensation of the double counting of the degrees of freedom, certain constraints govern the variables. Further, the basic idea proposed in Ref. 1) was applied to the description of the pairing correlation in the preceding papers. 3),4) In the first paper,3) a classical theory was developed in order to decompose the system into the pairing rotation and the intrinsic motions. The second paper 4 ) gave a quantum theory, by paying a special attention to the pairing vibration as a typical example of the intrinsic modes. (Hereafter, this paper is cited as I.) The theory developed in I gives us the pairing Hamiltonian which is expressed "exactly" in terms of the mutually independent canonical variables for describing the pairing rotation, the pairing vibration and the independent-quasiparticle motions. Therefore, if this theory gives the result equivalent to that of the conventional approach in the RP A order, it may be regarded as a promissing candidate going beyond the conventional approach. Of course, the RP A order implies to approximate the Hamiltonian in terms of the quadratic form of the fluctuation with respect to the BCS solution as the zeroth order. The aim of this paper is to show that the theory developed in I is equivalent, in a certain sense, to the conventional BCS plus RP A approach in the RP A order. Further, we clarify the relation with the method developed by Suzuki et aI.,5) which is based on the boson-ideal-fermion representation of pair operators and the transformation to the body-fixed reference frame. In this paper, our subject concentrates on the pairing rotation and the pairing vibration in the subspace with seniority zero.
In § 2, we briefly review the description of the pairing correlation with the BCS plus RP A method. We give in § 3 an outline of the theory developed in I and also its approximate form. Section 4 is devoted to clarify the relation with the BCS plus RP A approach and also the theory given by Suzuki et ai. In § 5, we give some concluding remarks. § 
The pairing Hamiltonian and the BeS plus RP A treatment
We consider a many-fermion system with the pairing interaction, the constituents of which move in a spherically symmetric mean field. In what follows, we give some definitions and an outline of the BCS plus RPA treatment of the pairing correlations.
Let Ca (Ca*) denote the fermion annihilation (creation) operator for the j-j coupling shell model basis {a}={(na, la, ja, ma)}. A Latin subscript a specifies the single-particle level (na, la, ja) . By arranging the single-particle levels in an appropriate order, a symbol J1 is also used to specify the single-particle levels. 
where the symbol -a denotes the single-particle state (na, la, ja, -ma) With the use of these pair operators, the pairing Hamiltonian considered here is given as follows:
In the conventional approach for the description of pairing correlation, the main part of the pairing correlation is taken account of as the pairing mean field. The particles in this mean field, the quasi-particles, are obtained from the fermions Ca * and Ca by the Bogoliubov transformation
Then, the residual interaction among the quasi-particles are treated within the RP A and the Hamiltonian for zero-seniority states is given within the RP A as follows: The quantities Ep and (up, VI') denote respectively the quasi-particle energy and the coefficients of the Bogoliubov transformation (2·3), obtained for the Nparticle system with the BCS approximation. Further, Qp is the degeneracy of the level J1, i.e.,
The (2L+1) eigenfrequencies can be obtained by solving the RPA eigenvalue equation derived from the following equation of motion:
There exists a special mode with a zero frequency, intimately connected with the broken symmetry under the BCS approximation. In order to see the structure of this zero-fre~uency mode, it is preferable to adopt the following form of the equation of motion:
where we used the notations (2'10a)
The operators PI' and ijp satisfy the relations (2'11) For the zero-frequency mode, the equation of motion (2'9) takes the following form:
The operator Po is regarded as the deviation of the total particle number from N within the RPA, which is denoted by oN hereafter. On the other hand, Qo expresses the phase angle conjugate to oN, which is written by (jj hereafter. Their explicit forms are given as follows:
Since N = 2: QpVp2, we have the relation (2'14) Using this relation, we can easily show that oN and <ii satisfy the relation
By endowing this mode with a positive physical meaning, oN is regarded as the angular momentum operator in two-dimensional space. Then, Bo expresses the inertia of this rotation and is given from Eq. (2'12) by
where ~ is the chemical potential. On the other hand, the remaining modes with non-zero frequencies are related with the fluctuation of the pair field and constructed from the phonon modes:
i.e., (Z-l7)
The amplitudes XIIP and SliP are determined by the following secular equation:
In the above equation, XII and SII are column vectors, the ,lL-th elements of which are XIIP and SliP, respectively. These modes satisfy the relations In terms of the amplitudes, the above relations are expressed as
With the aid of the above two types of eigenmodes, the Hamiltonian (Z-4) can be diagonalized as follows:
The first term is the pairing rotational energy and the second represents the pairing vibrational energy. Here, we omit the zero-point energy and do so hereafter. The above is a summary of the conventional treatment of the pairing correlation based on the BCS plus RP A. § 3_ A possible canonical theory for the description of the pairing correlation and its approximate form
The aim of this section is to give an outline of the theory developed in I and also its approximate form, which corresponds to the BCS plus RP A.
Following I, all the operators can be "exactly" expressed in terms of the set of the canonical variables
.. , L-l, L} and the set of the ideal fermion operators {(Ya*, Ya)}. Here, N" and (/)" denote the particlenumber operator in the level J1. and its canonical conjugate phase angle. The ideal fermions (Ya*, Ya) express the remaining degrees of freedom and just carry the seniority quantum number. That is to say, the number of the ideal fermions, lIa = ~m.Ya * Ya, expresses the seniority number in the level a. For instance, the pair operators P" * can be expressed as
For the states with seniority zero, we simply put II" equal to zero. Therefore, the Hamiltonian for zero-seniority states can be expressed only in terms of the set of canonical variables
Further, in I, we have shown that the Hamiltonian can be also expressed in terms of the following mutually independent canonical variables: The total particle number N and its canonical conjugate phase angle 0 for the pairing rotation and the set of the canonical variables {(Mk, 1J1'k); k=l, 2, ... , 2L} for the pairing vibrations. A possible canonical transformation of the set (N", 0,,) to the other one (N, 0, Mk, 1J1'k) is given in I as follows:
where we used the notations
(3-3c)
Of course, v,,(N) is related with the coefficient of the Bogoliubov transformation but depends explicitly on the total-particle-number operator N. The above transformation is canonical and its inverse is given as follows: Here, we make an approximation corresponding to the RP A,
Substituting the above expanded forms into the RHS of Eqs. (3'2a) and (3'2b) and then taking up the terms which involve the variables linearly at most, we obtain the following approximate forms: Although we make the above approximation, the transformation (3'6) is still canonical and also the following relation does hold:
Then, the inverse transformation is given as
The following relations are also useful for later discussion:
As the result of the approximation, the quadratic part of the pairing Hamiltonian (2' 2) for zero-seniority states can be expressed as follows:
It should be noted that, as the result of the approximation made to the exact Hamiltonian, there appears the rotational term automatically. In the conventional approach given in the preceding section, this term appears as a result of the diagonalization of Hp . The definition of N~V) and t[)~V) given in Eq. (3'7) provides us Hv expressed in terms of the quadratic form of canonical variables Mk and Wk. This implies that our system consists of the coupled 2L harmonic oscillators. Therefore, the eigenvalues and the eigenvectors are easily calculated by the standard method. Of course, we have 2L frequencies. However, we postpone the presentation of their concrete forms till we make a comparison between the result given in § 2 and ours. Now we are at a stage to make clear the relation among the BCS plus RPA approach given in § 2 and the present one developed in § 3. First, we comment on the relation to the approach given by Suzuki et aI.,5) which was developed on the basis of the boson-ideal-fermion representation of pair operators and the transformation to a body-fixed reference frame. Suzuki et ai. gave the same Hamiltonian as that shown in Eq. (3·12), under the condition 3{Ylb-rot=O. The commutation relations for (/)~V) and N~V) are given as follows:
These commutation relations are also the same as theirs. Of course, (/)~V) and 1 ::::
N~V) correspond to 2 (/)1' and 2Np , respectively, and Qp to 2Qp. Therefore, our approach gives rise to the same result as that obtained by Suzuki et aI., within the RPA order. However, we also give a possible representation of (/)~V) and N~V) in terms of a set of mutually independent canonical variables. Now we discuss the relation to the BCS plus RPA approach. For this aim, we introduce the following operators: 
A * =_1_( c-1N(V)+ z·c (/)(V) A =_1_( c-1N(V)_ ·c A>(V)
where we dropped the zero· point energy term. This relation means that the Hamiltonian (3 ·12b) has the same form as that adopted in the BCS plus RP A treatment given by Eqs. (2·4) and (2·5). In the latter treatment, A,,* and A" are boson operators. However, A" * and A" in the present case are not ideal boson operators but obey the commutation relations (4·4). Hence, the Hamiltonians (2·4) and (4·6) are same in the form, but the algebraic structures of the operators are different from each other. Therefore, at the first glance, it does not seem that the two Hamiltonians still give rise to the same result.
Here, we show that, in spite of the difference in the algebraic structure, the Hamiltonian (4·6) brings about the same result as that of the BCS plus RP A treatment. For this aim, we notice the structure of the commutation relations
where we adopted the notation of (2L+I)X(2L+1) matrix n. This matrix n satisfies the relations nX n=n,
The relation (4·9a) tells us that n is an idempotent matrix and, then, diagonalizable with the eigenvalues zero and one. From the relation (4· 9b), the eigenvalues are singlet zero and 2L-folded one. With the use of n, we further define an idempotent matrix m:
where the superscript T means the transposed matrix. Then, m satisfies relations similar to Eq. (4·9):
It is well known that the idempotent matrix plays a role of decomposing a vector space into a sum of two subspaces. With the aid of the relations (2·14) and (2·22b), the following relations are easily derived:
Here, ~, r;, XII and SII are column vectors, the ,u-th components of which are given by ~p, Tjp, XVI' and SLIP, respectively. Therefore, with the help of the matrix m, we can take up only the pairing vibrational modes. Now we can show that the Hamiltonian (4·6) gives rise to the same result as that obtained by the BCS plus RPA treatment. It is evident that the pairing rotational term is identical to that obtained in § 2. Hence, we take up only the pairing vibrational modes. We set up the equation of motion and the eigenmodes as follows:
With the use of the relation (4·5) and the matrix m, the secular equation coming from the equation of motion (4 ·13) can be given as follows:
where the matrices A and B have been already given by Eq. (2·20). When we substitute x" and S" for xv' and s,,' , respectively, we obtain the same secular equation as Eq. (2·19) obtained by the BCS plus RPA treatment, because of the relation (4 ·12). Therefore, we obtain the eigenvalues and their eigenmodes as
Further, in spite of the commutation relation (4·5), the eigenmodes satisfy the commutation relations
The above relations can be easily derived with the aid of Eq. (4·12). The following relations are self-evident:
Here, we consider the structure of the commutation relation in more detail. Formally, we can construct two additional linear combinations of AI' * and AI': Po="±L~"'l/!2(A"+A"*)=O .
The above relations were also derived in Ref. For such a constrained system, the commutation relations can be given as the Dirac brackee) (4'24) Therefore, the modification of commutation relations guarantees the orthogonality of the subspace composed from .1,,* and A" to the space of the pairing rotation.
In this way, we have achieved the main subject of this section that our canonical form for the description of pairing correlation gives rise to the equivalent result to that obtained by the BCS plus RP A treatment, by adopting its proper approximation. Further, we give explicitly the set of mutually independent canonical variables which are commutable with the variables of pairing rotation. The Hamiltonian H P, thus, can be written within the RP A as 
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The operator Xv * is given by (4·26)
Here Bk *, Bk, lJfvk and (/JVk are defined as
Of course, Xv * and Bk * are boson creation operators. In the present case, the canonical variables Mk and 1J!k are also expressed in terms of Ap * and Ap: We have shown that the theory developed in the preceding paper gives an equivalent description of the pairing rotation and the pairing vibration as that of the conventional approach based on the BCS plus RP A method. In our theory, all the physical operators are expressed exactly in terms of the set of mutually independent canonical variables, (N, (/), {(Mk, 1J!k); k=l, 2, ... , 2L} and the independent-quasi-particle operators. By a canonical transformation, the former two types of variables can be related with the set of canonical variables, {(Np ,
where N p and (/)p are the particle number operator in the level f1 and its canonical conjugate phase angle, respectively. In our approach, the RP A order is characterized by the two types of approximation: One exists in the adoption of a linear form for the above canonical transformation. The other is the quadratic approximation for the pairing Hamiltonian. We, further, showed that our result is completely identical to that obtained by Suzuki et al., 5) within the RP A order at least.
In this way, it becomes interesting to go beyond the RP A order and to treat non-linear effect such as the coupling between the pairing rotation and the pairing vibration. As a final remark of this paper, let us give a note for the analysis of the higher-order effects. It was stressed in I that our canonical transformation (3·2) is constructed under the following two requirements: 1) The variables NI' should obey the condition 2}.I'NI' =N. 2) Under the neglect of the fluctuations of the pair field, NI' should reduce to Ql'vI'2(N) . The discussion given in § 3 is based on the condition that oN (=N -N) is sufficiently small, that is, we consider the case sufficiently neighbouring to the system with the particle number N. Under this condition, we can approximate Ql'vI'2(N) within the linear term of oN. It is clear that this approximation violates the requirement 2) for the case of large oN. However, the requirement 1) is still satisfied and the transformation (3'6) is canonical. Therefore, if we do not persist in the requirement 2), it is possible to treat, in the particle-number conserving form, non-linear effects with the use of the transformation (3'6). Of course, we can describe the system with any particle number. However, for the case remote from the system with the particle number N, the result does not reduce to the BCS solution, that is, we cannot give an accurate rotational energy. In this sense, it may be necessary for the analysis of higher-order effects to persist in the requirement 2). Further, it is also interesting to investigate under what situation the theory given by Suzuki et al. is concerning this point. Weare now preparing the analysis of the higher-order effects based on our theory.
